Abstract. This paper is devoted to the investigation of the abstract semilinear initial value problem du/dt + A(t)u = f (t, u), u(0) = u 0 , in the "parabolic" case.
1. Introduction. Let X be a Banach space and for each t ∈ [0, T ] let A(t) : X → X be a closed densely defined linear operator. Let u be an unknown function from R into X, f be a nonlinear mapping from R × X into X and u 0 ∈ X.
As in [2] , we consider the semilinear initial value problem
(1) du/dt + A(t)u = f (t, u), t ∈ (0, T ], u(0) = u 0 .
Our purpose is to study the existence and uniqueness of solution of (1). Our approach and results look like those in [2] , where we discuss the problem in the "hyperbolic" case. The results of this paper generalize some earlier results (cf. for example [3] , [4] , [6] , [7] ).
Preliminaries.
Let {A(t)}, t ∈ [0, T ], be a family of operators as in Section 1. We make the following assumptions (cf. [6] ).
(Z 1 ) The domain D(A(t)) = D of A(t), 0 ≤ t ≤ T, is dense in X and independent of t. (Z 2 ) For t ∈ [0, T ], the resolvent R(λ : A(t)) := (λ−A(t)) −1 of A(t) exists for all λ with Re λ ≤ 0 and there is a constant M such that
(Z 3 ) There exist constants K > 0 and 0 < α ≤ 1 such that
We note that the assumption (Z 2 ) and the fact that D is dense in X imply that for every t ∈ [0, T ], A(t) is the infinitesimal generator of an analytic semigroup S t (s), s ≥ 0, satisfying
A(t)S t (s) ≤ C/s for s > 0; (5) here, and in the sequel, we denote by C a generic constant.
Theorem 1 ([6; Theorem 5.6.1). Under the assumptions (Z 1 )-(Z 3 ) there is a unique fundamental solution (evolution system) of (1), U (t, s), on 0 ≤ s ≤ t ≤ T, satisfying:
The derivative (∂/∂t)U (t, s) ∈ B(X) and it is strongly continuous on 0 ≤ s < t ≤ T. Moreover
and
(iii) For every v ∈ D and t ∈ (0, T ], U (t, s)v is differentiable with respect to s on 0 ≤ s ≤ t ≤ T and
U (t, s)xds ∈ D and there is a constant M such that
where α ∈ (0, 1] is from (3).
P r o o f. For every x ∈ X and each t ∈ (0, T ] by (ii) and closedness of the operator
By construction of the fundamental solution U (t, s) we have
where S t (s) is the analytic semigroup generated by A(t) and W (t, s) is strongly continuously differentiable in t for 0 ≤ s < t ≤ T and
(cf. [6; Sec. 5.6 and 5.7]). Next
Since by [6; p. 169],
we get
Returning to (13) we can now conclude that
converges as ε → 0 and since
as ε → 0, it follows from the closedness of A(t) that
Now (19) together with (15) and (16) yields (11) with M = 2C/α and the proof is complete.
Lemma 2 ([5; Lemma 3]).
Let h : ∆ T = {(t, s) ∈ R 2 : 0 ≤ s ≤ t ≤ T } → X and suppose that:
Then the function G : [0, T ] → X defined as Then for every fixed t 0 ∈ [0, T ) the formula
is continuous and
where M > 0 does not depend on t, and β = min(α, θ).
we obtain
The Hölder continuity of g and the estimate A(t)U (t, s) ≤ C(t − s)
and therefore
It follows by closedness of A(t) that (26)
By Lemma 1 we have
and by (11),
Now (27) and (29) imply (23) with β = min(α, θ).
To prove the continuity of the function w : [0, T ] → X, we define the family {w ε } ε>0 of functions such that
where v ε is defined by (24) with t 0 = 0. Since for fixed ε > 0 we have
it is easy to see that, by Lemma 2, the function w ε is continuous in [0, T ]. Now observe that
This implies that w ε tends to w as ε ց 0, uniformly with respect to t ∈ [0, T ], and so w is continuous in [0, T ]. Lemma 3 is proved. (1) is satisfied.
Using Lemma 3 and Theorem 1 of [2] , as a corollary we get 
has, for every x ∈ X, a unique classical solution u given by
3. The main theorem. In this section we consider the nonlinear problem (1) mentioned in the introduction. Suppose that the family {A(t)} t∈[0,T ] satisfies assumptions (Z 1 )-(Z 3 ) and let f : [0, T ] × X → X be continuous.
Similarly to the linear case we have
We assume that:
(ii) f satisfies the Hölder condition with exponent 0 < θ ≤ 1:
Theorem 5 shows that under the above assumptions the problem (34) has a unique solution u = u(t, x), These results are different from ours and difficult to compare with them.
